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Direct Unfalsified Controller Design - Solution Via Convex Optimization
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Abstract

This paper presents an algorithm for designing optimal
unfalsified discrete linear time invariant (LTI) output
feedback controllers directly from measured data. The
approach uses a performance specification that corre-
sponds to minimizing the time domain error between
the desired and unfalsified closed loop transfer functions.
No assumptions about the plant are explicitly required -
the only information needed is a plant input-output time
history of length n. In particular, no assumptions are
made about the linearity of the system. The identified
controller is unfalsified with respect to the performance
specification by all observed data. With some minor as-
sumptions, the design problem can be written as a linear
program (LP) that can be solved very efficiently to find
the global optimum. The approach is demonstrated with
a laboratory experiment.

1 Introduction

There has been much recent work in system identification
using the concepts of model unfalsification [1}-{6]. These
techniques focus on forming plant uncertainty models
that are not provably inconsistent with observations, that
is, the uncertainty models are unfalsified by the data.
Controllers are then designed that meet specifications
with respect to the unfalsified uncertainty models.

Modeling techniques that generate a model set consisting
of a nominal plant model and uncertainty bounds on the
nominal model [3] are of particular interest because they
produce plant models that are compatible with robust
control design techniques. Reference [7] shows that con-
trol designs based on these models can be conservative,
resulting in low performance controllers. This conser-
vatism arises because the unfalsified model set is a super-
set of the true plant model, and robust control techniques
often meet specifications for a superset of the unfalsified
model set. Unfortunately, each of these overbounds can
be quite large.

The notion of unfalsification can also be applied directly
to candidate controllers [4]. Without performing an ad-
ditional experiment, it is possible to determine whether a
given controller could not have met a certain performance
specification if it had been connected to the system dur-
ing the previous experiment. If the controller can not be
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eliminated (falsified) by the measured data, the controller
is said to be unfalsified with respect to that data.

The use of an unfalsified model or an unfalsified con-
troller in a control experiment does not guarantee that
the closed-loop system will meet the desired performance
specifications [1]. For example, the available data may
not fully excite the plant that is to be controlled. When
a model (or controller) is unfalsified, it means that no
evidence is available that contradicts the model (or con-
troller). This suggests that unfalsification techniques
might perform well as part of an adaptive control scheme.

The application of the unfalsified control design concept
within an adaptive control scheme has been proposed by
many researchers [2], [6], [8]. Typically, the designer first
proposes a large finite set of candidate controllers. One
controller is implemented, and data is collected with the
controller in the loop. This data is used to eliminate
some of the candidate controllers by falsifying them with
respect to a performance specification. If the operating
controller is falsified by the data, a new unfalsified con-
troller is implemented. The process is repeated until no
further improvements are desired.

This paper builds on those results by formulating a con-
vex programming problem using the set of fixed order
linear time invariant output feedback controllers as the
candidate set. The controller that achieves the best per-
formance is chosen from the set of unfalsified controllers.
The algorithm is demonstrated experimentally in a single
iteration of data collection/controller design.
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Figure 1: Standard Block Diagram
2 Background

In a recent work, Tsao and Safonov laid a theoretical
framework for determining the subset of candidate con-
trollers that are unfalsified with respect to observed data
and a performance specification [5]. The main result of
Tsao and Safonov’s paper is quoted below, and serves as
a starting point for this paper’s contribution.

Unfalsified Control Problem: Consider input-output
data collected from an unknown plant. The data could
be collected “open-loop” or collected “closed-loop” with
Udata(t) generated by some operating controller. Let
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Ydata(t) represent the output corresponding to ugaia(t).
Let Y and U represent functional spaces. Define the mea-
surement data set

Mot é {(y; u) eyxu ! (ydatayudata) € (yiu)} (1)

that is, measurements of the plant input-output relation-
ship are contained in a relation in Y x &. The distinction
between (Ydata, Ldata) and (y,u) is useful if one wishes to
model imperfect measurements. For example, one possi-
ble choice of M4, could be

[ ”y - ydata"rms ] < I:ﬂl ]}
lv — vaatallrms | = | Be

that is the true plant input-output data could be cor-
rupted by noise with RMS norms 32 and §; respectively.

Myato = {(y,u) €lygxly

Now consider the additional fictitious signal 7 € R as
shown in Fig. 1. Define the measurement information set

Puaota = {(r,9,8) € R XY xU | (4,4) € Manta} (2)
Let the class of admissible control laws be
Kodmiss CR XY xU (3)
and define a performance specification set
Topec CRxY XU 4)

Then given Pyuta, Kodmiss, and Tspec, find the set of
controllers K such that K C Kggmiss is unfalsified with
respect to Pygte and Tgpec.

Theorem 1 [5]:
Pyate and Tipe, iff

K is unfalsified with respect to

YV (r0,%0,%0) € Piata N K, 3 (y1,u1) s.t.

(To, yl,ux) € Pyt NK N Tspec

Note that (y1,%1) = (yo,uo) is allowed.
Proof: See [3].

As pointed out in [5] there are several advantages to this
data-based control design approach:

1. The approach is nonconservative; ie. it gives “if
and only if” conditions on the candidate controller
set to be unfalsified.

2. The unfalsified set of candidate controllers is deter-
mined from past data only — no candidate controller
is implemented to determine if it is falsified.

3. The test for controller unfalsification is “plant-
model free.” No plant model is needed to test these
conditions. The test depends only on the data, the
controller and the specification.

4. The data that falsifies a controller may be open loop
data or data generated by some other control law
which may or may not be in the parametric set.

3 Problem formulation

Throughout this paper, it is assumed that all signals are
scalar, finite duration, and are collected at uniform sam-
pling instants, and

TG'R.Elz[O,n—I] s yeyElg[O,n—].]

u €U = 15{0,n —1]

Thus r, y, and u can be represented by vectors in IR™.
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Figure 2: Block Diagram Illustrating Tspec

Let Yaota € R™ and ug,:, € R™. Choose

[y_?/data ]___0} (5)
U — Udata

te. there is no explicit noise model incorporated in Pya;,.
The set of admissible control laws is chosen to be of the

form
-0} ®

where ¢ is the forward shift operator, and N(¢g~!) and
D(g™!) have arbitrary initial conditions. We further re-
strict N(¢~!) and D(g~!) to have the same order. Choose

Tspec = {(T: ¥, u) | "W(q—l)(y ~ Taes(@))llo < a} (M

Where Tge,(q) is the desired LTI closed loop transfer func-
tion of order k and W(g~!) is an LTI weighting function.
Both Tyes(g) and W(g™!) have arbitrary initial condi-
tions. Note that the signal infinity norm is employed,
not to be confused with the H,, system norm. This cost
function can be interpreted as ||e}| < @, with e as shown
in Fig. 2.

Pyate = {(’I‘, Y, u)

U=

Kadmiss = {(’I’, Y, u)

When choosing Pyate, Kadmiss, and Tspec, it is important
to ensure that V0<i<j<n-—1

(ryy,u) €  Paata => (Tpi 50> Y[ij) Wi, j) € Pata
(ry,u) € Kodmiss = (T[i,jlry[i.j]’ u[i,j]) € Kadmiss
(r,y,u) € Tspec = (T[i,j];y[i,j]:u[i,j]) € Tapec (8)

The above relations ensure that if a data set could not
falsify a controller, then any subinterval of the data could
not falsify the controller.

The choice of the signal infinity norm is significant in that
it has this property. For example, if the RMS norm had
been chosen, it would be required to consider all possible
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time truncations of the signal in the performance specifi-
cation, that is

Tapec = {(T,?/,U) I ”e[i,j]”rms <aV0LiLy] Sn—l}

which greatly increases the problem size of determining
if (Tayau) € Tspec-

Applying Theorem 1, the problem of finding the “best”
(smallest o) LTT output feedback controller of order m,
relative degree zero, that unfalsifies the measured data is

min « 9)
(ruy)“),a
subject to
(ryy,u) € Paata N K N Tspec (10)
Kc Kadmiss (11)

4 Optimal controller as an LP

In order to simplify discussion, the SISO case will be
treated, however the results can easily be extended to
MIMO systems.

Theorem 2: The best (smallest a) unfalsified
LTI output feedback controller of order m that satisfies
Tapec, With W(g™!) = N(g71), is found by solving the
following linear program (LP).

min a (12)
Tics gic, ﬁiCr b) a,
subject to
Tic
gic
Ay Ay Az Ay A Ag || iic < B
—A1 —A2 —-A3 —A4 -As AG b =\ -B
a
a
where B
A = [ 0 I ]T(tdes) (13)
Ay =T (t,,es ~[1 o7 ]T) (14)
Az = T (tdes), As= (7 (tges) — I)T (¥) (15)
. T
As = T(taes)T ([ 0 uff, | ) (16)
= 1
fa=-1, B=-Ta)Tw || a0

where 1 £[11---1]7, 02 [00---0]T, taes is the impulse
~ response of Tyes(g), T(x) is the square lower triangular
Toeplitz matrix of appropriate dimension

(0) 0 0
me| WO 0

z(n - 1) z(n _ 2) a:(O)

and

7 (2) 2 T(z) [ ! ] (19)
The resulting controller is

bo+b1g7 1+ 4+ bng™™

T l+4aig i+t amg™

Furthermore, the LP is always feasible.

Proof: The optimization constraint of Eq. (10) implies

(T, Y, u) € Pigta (21)
thus
Y = Ydata » U = Udata (22)
Eqgs. (10) and (11) imply
(T: ?/,'U') € K C Kadmiss (23)
thus Eq. (6) implies
N(@Y)r=D(g " )u+N(g )y (24)

Substituting Eqs. (22) and (24) into T,pec, and choosing
Wi(g™1) = N(g~!) produces

(r,9,u) € Paata N K N Tspec <=
IN(g™)y = N(@)Taes(@)rlloo < @ =

IN(@™)y = Taes(@)(D(g™ )u + N(g )l < @ <=
(25)
”N(q—l)(l — Tyes(q))y — D(q_l)Tdea(Q)u"oo <a (26)
It is interesting to note that the form of Eq. (26) is similar
to that of an ARX identification problem with data Z =
[Tdea(Q)u’ (1 - Tdes(q))y] [9]

Consider an arbitrary relation such as y(t) = G(g)u(t).
For y € R™, u € R™, and ignoring initial conditions, this
relation can be vectorized as

y=T(g)u (27)

where g is the impulse response of G(g). If G(q) is order p,
then arbitrary initial conditions on G(g) can be reflected
in y by incorporating arbitrary u;; € R?

u (28)

Uic
v=[0 1170 | " |
Observing that N(¢g~!) and D(¢!) are order m, and

Tyes(g) is order k, then Eq. (25) can be written incor-
porating initial conditions in vector form as

—a1< [0 I]T([ b ]) [”y] — [01] T(taes)

Tic

o () lwnn (D 2

<al (29)
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where b represents the m + 1 coefficients of N(g71), a
represents the m coefficients of D(g™!), tyes is the impulse
response of Ty.5(q), ¥ic and u;, are arbitrary sequences of
length m representing the initial conditions of N(g~!)
and D(g™!), and r;. is an arbitrary sequence of length k,
representing the initial conditions of Tyes(q).

Note that for arbitrary ¢ € R*, b€ R*, c€ R"
a=Tbc<=a=brxc<a=cxb<=a=T(c)b

Also note that if b; = 0 V j > p, that is, the operator
T(b) is FIR, and by # O then

Ci éi
a=[0 I ]T(b)[ e ] =T(b)c+[ e ]
for some &, € IR? which is a modified form of ¢;c. Incor-
porating these ideas, Eq. (29) can be rewritten as

~al1< T (y)b+ [ 5’(‘; ] = [0 I]T (tues)Tic

“T(aT @) | | | =7 (tac i

~T (taes)T (¥) b~ T (taes) Gic < (30)

Eq. (30) describes the set of controllers that is unfalsified
by the data. The “best” controller in the unfalsified set is
the one that produces the smallest a. Optimizing Eq. (30)
with respect to the variables given in (12) results in the
LP given in Theorem 2.

For many practical choices of Tyes(q), A2 and A; will
have nearly linearly dependent columns, resulting in nu-
merical problems for some LP solvers. A simple solution
is to eliminate ;. from the LP, which, experience indi-
cates, does not have a significant impact on the optimal
controller.

5 Example: Flexible structure control

A commercially available version of the classic “three
disk” torsional plant is used to demonstrate the direct
unfalsified control technique presented in this paper. An
Educational Control Products Model 205 is used. It con-
sists of three rotational masses connected by two torsional
springs. Three encoders measure the angular rotation of
each of the disks. The system has one actuator which
applies a torque to the bottom disk. Fig. 3 shows a
schematic of the system.

The following investigates the SISO collocated tracking
problem. The objective is to design a controller that
forces y; to track a reference r. The sample rate was
chosen to be 64 Hz, well above the highest frequency dy-
namics in the system.

Fig. 4 shows open-loop data that was collected from the
experimental hardware, with

u(t) = A(l +sin(wt + 61) + - - - + sin(wsat + 032))

1 i
10 15 20 25
Time (seconds)

Figure 4: Measured (y,u)

where wy = kr/4, and 6 is optimized in order to min-
imize ||u(t)|lco- This single run of data was the only in-
formation used to design the unfalsified controller. Ty,
was chosen in continuous time

(2m)?

Taes(s) = 82 + 4ms + (2n)?

(31
that is, a critically damped second-order plant with w, =
2m rad/sec (1 Hz). Tges(g) is formed by a zero-order-hold
conversion of Tyes(s). N(g~!) and D(g~') were chosen
to be third-order (m = 3).

The LP in Theorem 2 was solved resulting in a = 0.0036,
which indicates that a controller has been designed which
unfalsifies the observations with respect to Tye, with very
small error (small |le]|). The resulting controller is

Clg) = 27824~ 2.289¢! + 2.269¢~2 — 0.763¢™3
9= "1 2.803¢1 + 2.649¢—2 — 0.8433¢—3

(32)

The controller is able to track a « radian step command
reasonably well, as shown in Fig. 5.
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Figure 5: Experimental Step Response, Direct Unfalsified
Control

In order to highlight the potential advantages of direct
unfalsified control, an experimental comparison using a
model based control design was performed. Simple phys-
ical modeling and extensive parameter identification pro-
duced a sixth-order LTI plant model. An LQG controller
was designed using this plant model, resulting in the step
response of Fig. 6.

The steady state error in both Fig. 5 and Fig. 6 is due to
a stiction nonlinearity in the plant, and is typical of all
linear controllers implemented on this plant. Although
there are small differences in the rise time and overshoot
of the two designs, similar performance is achieved with
low order DUC (m = 3) as is achieved with “full order”
LQG (m = 6). Furthermore, DUC required no knowledge
of the plant.

Finally, if the plant model is concatenated with the DUC
controller of Eq. (32), the resulting closed loop plant is
predicted to be unstable. This is clearly not the case,
as demonstrated in Fig. 5. A model based control design
technique could never have produced the DUC controller.

6 Conclusions

It was shown that the problem of designing an optimal
discrete linear time invariant output feedback controller
directly from data can be cast as an LP. No assump-
tions about the plant are required - the only information
needed is a plant input-output time history of length n.
A key assumption is that the performance specification is
weighted by W(g™!) = N(g~!). The identified controller
is unfalsified with respect to the performance specifica-
tion by all observed data.

Experimental results emphasize several main points re-
garding direct unfalsified control.

o The direct unfalsified control is able to produce
controllers that have reasonable performance when
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Figure 6: Experimental Step Response, LQG Control

compared to traditional design techniques.

e The direct unfalsified control makes no assumptions
about the plant’s linearity, thus the DUC controller
can take into account nonlinear effects (such as stic-
tion) when choosing the best controller.

e DUC can choose a controller that performs well
experimentally, but would have been discarded as
“unstable” by more traditional adaptive control
techniques.
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