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Abstract

This paper presents a new finite-dimensional linear matrix
inequality (LMI) formulation for the induced Ls-norm syn-
thesis of linear parameter-varying (LPV) systems. The ap-
proach is based on a nonsmooth dissipative systems theory us-
ing a continuous, quasi-piecewise affine parameter-dependent
Lyapunov function. The new method is less conservative
than previously published techniques based on either affine
parameter-dependent Lyapunov functions or robust control
techniques. Conservatism is reduced with this new approach
because the synthesis uses a very general class of parameter-
dependent Lyapunov functions. In contrast to the gridding
approach typically used to develop a computationally feasible
algorithm, this proposed approach guarantees the synthesis
result. We show that the numerical results using our ap-
proach, while computationally intensive, can be used to de-
velop many new insights into the potential conservatism of
various classes of Lyapunov functions for LPV systems.

1 Introduction

Linear parameter-varying (LPV) systems have recently re-
ceived much attention because they provide a systematic
means of computing gain-scheduled controllers [14,15]. Var-
ious synthesis tools have been proposed for LPV systems
such as the LFT-u framework [2,9,12] and the dissipative
systems theory with smooth parameter-dependent Lyapunov
functions [6,16], the selection of which determines the conser-
vatism of the synthesis result. The selection of an appropriate
Lyapunov function is one of the most important issues in the
dissipative systems theory. The class of Lyapunov function
used in the LPV framework is of the form, V = 2 P (8)x.l,
such that

o[, 23] (o[ 2])

The classes of quadratic [4] and affine parameter-dependent
Lyapunov functions (ALFs) have been widely used in the lit-
erature. In the class of ALFs, X(6) is typically affine in 0,
and Z(0) and E(0) are constant [3,6]. This type is a special
form of the Luré-Postnikov Lyapunov function. The synthesis
using this ALF is formulated as a bilinear matrix inequality
(BMI) problem, which is computationally intensive and often
yields a parameter-independent controller. In another class of
a Lyapunov function, quasi-affine parameter-dependent Lya-
punov function (QAL), X(6) and Y () are affine in 6 [1]. The
synthesis using this QAL leads to linear matrix inequality
(LMI) formulations and yields a parameter-dependent con-
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troller. While QAL is more general than ALF, a more gen-
eral class of Lyapunov functions than QAL is still required
to reduce conservatism even further. Unfortunately, the syn-
thesis using this type of Lyapunov functions often leads to
infinite-dimensional LMIs. As a result, the finite basis meth-
ods and gridding techniques [16] are typically used. However,
these techniques do not guarantee the synthesis result, and
the selection of the best basis function requires further study.

This paper extends our previous result [11] to address the
synthesis of controllers for LPV systems and generalizes it
to a new class of parameter-dependent Lyapunov functions.
We then develop a new synthesis technique that reduces the
conservatism but still leads to finite-dimensional LMI for-
mulations. Our approach is to a priori partition the en-
tire parameter space into several smaller subspaces. We
then define an affine parameter-dependent LPV (ALPV) sys-
tem and QAL over each parameter subspace. Constraints
are included so that these QALs define a continuous, Lip-
schitz Lyapunov function over the entire parameter space,
which is called a quasi-piecewise affine parameter-dependent
Lyapunov function (QPAL). This QPAL is then used to de-
sign a y-suboptimal LPV controller for this piecewise-affine
parameter-dependent LPV (PALPV) system. Numerical re-
sults are presented to show that, even with a smaller number
of partitions, this new technique yields less conservative re-
sults than previously published research [1,3]. Furthermore,
in contrast to the gridding approach of Ref. [16], our tech-
nique guarantees the synthesis result. The computational
burden of our approach currently limits the complexity of the
examples that can be tested, but the initial results indicate
that this technique could be used to investigate numerically
good basis functions for Ref. [16].

2 Notations and Problem Definitions

Some notations and definitions for this paper are established.
T = [to,o0) and the set of disturbance is W C L2(Z, R™),
which is square integrable R™" vector sets over Z. The com-
pact set of state, D C R?", includes the origin z(t) = 0. The
parameter set

F ={0eCYT,R*):0(t)e P, O(t) € Q, Vt € T}
where P = [0,,01] x --- x [0,,0,] and Q = [~v1,01] X -+ X
[—ve, vs]. Colz,ylx & {2z = (1/2 = Nz + (1/2 + Ny}, for
~1/2 < X < 1/2. [A@)]; = [Ay (0] Nullf = [ uTudt.
The dini-derivatives of V(m(t), 6(t)) are defined as follows:

DYV (a,0) = lim, sup 1 [V(o(t+h), 0(t+h) = V(w(t),00)),

DV (,0)(u,0) = lim sup %[V(z + i, 0) — V(z,0)],

h—0t



D4V (@,0)(u,0) = Tim inf [V (x + hu,0) = V(z,0)].

For simplicity, we consider the case of s = 2 such that the
parameter space P C R>. The P is partitioned into m; X
mey identical, closed rectangles, P;;’s, with width A6y x Afs.
In this case, A0, = (0x — 0,)/my for k = 1,2. A PALPV
system is defined as a system that switches between m; X
ma ALPV systems. Each ALPV system is described by a
set of nominal dynamics at the center of the corresponding
parameter subspace and affine parameter-dependent terms.
For each subspace P;;, we introduce a local coordinate éij =
[ éijl éi]‘Q ]T measured from the center of P;;. As a result,
this PALPV can be defined such that for 6(t) € F2,

x x
m1 mo
Z1 _ B B w1
2 = Z Z (0771 (g)gz] W ) (1)
y i=1 j=1 w
A(0) | Bui(d) Bux Bu(0)
G| Ca@) | 0 0 0
K Cz2 0 0 Inu
Cy(e) 0 I"y 0 ij
for 0i;(1) € P 2 [~ 20 Ad] [~ Af2 Aba gy 0ii(t) = 0 ¢

Q. Here, all Hij—Adependent system matrices are affine depen-
dent, e.g., Aij.(gij) = Aijo + Zi:l Gi]'kAijk. It is assumed
that 6(t) and 0(t) are measurable in real time. «;;(0) is the
switching function such that each G;; is well defined over the
corresponding P;; [11].

Remark 1: The PALPV system (Eq. 1) is locally affine
parameter-dependent. The typical ALPV system description
is a special case of this PALPV description. Our representa-
tion can include dynamics that are discontinuous in 6(t) on
the boundary of P;;, which could provide better approxima-
tion models for general LPV systems.

Our problem is to find a strictly proper full-order LPV con-
troller of the form

< ””a Ac(0,0) Be(6,0) Te
[ ] 2; YO i o ]]{ y}

(2)
where [Ac, Be,C.],; are continuous over P;;. With the nota-
tions of 27 = [¢7 xT], = [wf wl] and 27 = [2T 2%], the

closed-loop system can be then written as

e Y e

3 Induced L2-Norm Synthesis

The problem we consider here is to design y-suboptimal con-
troller such that the induced L2-norm of the closed-loop sys-
tem (Eq. 3) is less than v, i.e., ||2(t)]|2 < v||w(t)||2, where
_ (Ol

vy = sup sup
per2 wew llw(t)ll2
three steps: [Step 1] Formulate the analysis problem of the
closed-loop system; [Step 2a] Eliminate unknown controller
dynamics from the analysis formulation; [Step 2b] If neces-
sary, “convexify” the formulation from Step 2a to transform

The synthesis typically consists of

Fig. 1: Example of a continuous, piecewise affine
parameter-dependent X (0) € R

into finite-dimensional LMIs and then solve them; and [Step
3] Construct a controller dynamics analytically or numeri-
cally.

Step 1: A nonsmooth dissipative systems theory for analysis
problems has been proposed in our previous work [11]. We
consider a quasi-piecewise affine parameter-dependent Lya-
punov function (QPAL), V (za,0) = 25 Pa(0)za, such that

my mo .
=5 S wonn. o
i=1 j=1

Py(6s;) = _X(9) S XO) YT

R —XO)+77V7HO) X(O) -V |,

Here, Xij(0i) = Co[Xij, Xit1)j, X416+, Xi+0]a,»

whose vertices are positive matrices defined counterclock-
Wise from the corner of the rectangle P;; (see Figure 1 for

=y Z | i X, (0:;)). To ensure that X;;(6i;)
over each Pij 1s afﬁne parameter—dependent, these matrices
must satisfy

Xij + X+ = Xarn; + Xigy (5)
which is one of the parallelogram rules. Substituting Eq. 5,

2
Xijo +Zéiijijk (6)

k=1

Xij(0:5) =

1
= (X1 + Xan + Xq41) + X1y —2X11)

5(
Xy — X b X1G+1) — X1J
A6, TETTAG,

+éij1
Vij(0;) is also similarly defined in terms of Yi;’s.

Remark 2: Note that while possibly conservative, this spe-
cific structure of Pei(6) forces (1,1) element of P;"(6) to be
72Y(0), so that the (1,1) elements of Pi(f) and P;'(0) are
piecewise affine parameter-dependent. Note, also, that the
similar form of P (6) with m; = my = 1 can be found in [16].

Remark 3: Over each 771], . (0i5) is a differentiable ma-
trix function because Y;; Lo ZJ) is a rational matrix function
which is differentiable. By sharing some vertices between
Xi;(0i;)’s and Yij(0i;)’s, Pa(f) becomes a globally continu-
ous matrix function over P. As a result, P.i(#) does have the
dini-derivative over P, thereby being Lipschitz in 6.

Using the QPAL, we can derive the induced Lz-norm analysis
formulation for the closed-loop system from the result of [11].



Proposition 1: Suppose there exist differentiable functions
P;;(0:;) > 0 on P;; for Vi, j such that

[ ATP 4 PAg + 3P9 PB. C 1
BT P I 0 <0 (7)
[ 1CC1 0 —I J y

for all 6;; € P and 0;; € Q. Then for any 0(t) € F2, the
closed-loop system (Eq. 3) is uniformly asymptotically stable
and its La-norm is bounded by v, i.e., ||z||2 < v||Jw]|2- O

Proof: Consider V(ze,0) = x5 Pu(0)za such that Pe(0)
is defined as Eq. 4. As in [11], the sufficient conditions to
guaranteed v performance of Eq. 3 are (I) P;(8) > 0 and

(1) DTV (za,0) 4+ 2" 2 — 7v*w w < 0.

Condition (I) obviously means P;;(6;;) > 0, for Vi,j. Con-
sider condition (IT). According to Lemma 2 in the appendix,

DYV (za,0) < DYV (za,0)(U,0) + DTV (za,0)(0,0)

for V zc € D, 0 € P and 6 e Q. Here,

U(t) = lim sup [Su(t) = {y | y = &(t +7),—h <7 <A}
To calculate this “partial” dini-derivative, this inequality over
the domain D x P x Q is divided into m1 X m2 inequalities
over sub-domains D X P;; x Q for all ¢, j, as in [11]. Note that
this is accomplished by the assumption that, by a smooth
extension, the system dynamics (Eq. 3) and the Lyapunov
function (Eq. 4) are defined over the smallest open set that
includes P;;. This assumption makes V (z1,6) differentiable
on each P;; but may introduce some conservatism. Therefore,
condition (II) is overbounded by

0 xZPi-zC .
[ ] 1]9i1+sz—’waTw<0 (8)

8 [IZ;PZ] -Tcl] i
axcl ol aé”

for V(ze1,0i5,0:5,w) € DX P x Qx W and Vi, j. Substituting
Egs. 3 — 4, condition (II) is then

2
A OP;;
2rchPij [Actij el + Bejw] + Z Izieijk ——Lzq
k=1 0bijk
+[Cetijra]" [Cetijza) — Y w w <0 (9)

for (e, 0ij,0ij,w) € D x P x Qx W and Vi,j. Divide
both sides by 7* and reformulate the above inequality as the
standard quadratic matrix form. O

Step 2 & Step 3: Over each P;j, Proposition 1 is exactly
equal to the typical induced La-norm analysis using a con-
tinuously differentiable Lyapunov function. According to the
result of [16], LMI formulations without any controller dy-
namics and an explicit formula for a «y-suboptimal LPV con-
troller are easily found (For details, refer to [16]).

Lemma 1: The set of y-suboptimal controllers is nonempty
if and only if there exist symmetric positive matrices Xj; (6s;),

Vij(0s;) for Vi, j such that for V6;; € P and 0” €Q,

[ X)) v

ij

[ V(0)A" (6) +
+33’(9)0

Bu A) <0,
C21(0)V(9) -1 0
L —1BT(6) 0 -1 y
(11)
[ ATO)X(0) + X(O)AOG) X(0)Bur(9) v 'CL(H)
+2%0)9 — cT(9)C, (0) <0
B,T,l(é)X(é) —I 0
i 7L (6) 0 -1 y
(12)

>
o~
~—

Here, Ay;(0: Aij(0i5) — Buij(0:j)Cs, Buij(0i) =
[Burij (0ij)  Bue], Asj(0s ) = Aij(0i;) — Buw2Cyi;j(0i;) and
CTi;(0:5) = [CF4;(0s ) CL)]. Over each P;;, an explicit for-
mula for a central strictly proper controller [A., B, C’C]ij is
given at Theorem 5.3.1 of [16].

“Convexifying”: Egs. 11 and 12 are not finite-dimensional

LMIs because they includes the cross-product terms such as

Xij(0i5)Ai;(0i5). As in the previous work [6,11], we apply
the quadratic relation and S-procedure to Egs. 11 and 12
to derive finite-dimensional LMIs. Note, however, that this
“convexifying” technique often introduces conservatism and
increases the problem size (refer to [11]). To simplify the
notation, we introduce the followmg matrices: A;; = Ao +
Ek 1 z]k:Az]k:; AZ] - A110+Ek 1 z]k:Az]k:; wij — B’UJZ]O +
Ek:1 ZJkaZJk: Czij = Crijo + Ek:1 Ukczwk: " = [I I]:

AZ; = [Azﬂ Azﬂ] :‘L‘j = [Aijl z‘L‘jz]
BZ:Z] = [35”1 sz]2] Buwiij = [Buwiiji Buwiij2]
BZZJ = [szﬂ Bmﬂ] C:'zij = [Ozijl OzijZ]
Czh] = [Czhﬂ C~1u2] Ciyl‘j = [Cyijl Cyij?]
Vi = [Yip Yigel Xij = [Xijn Xijo]
Ti; = [Tijy Tiol Tij = [Tijr Tij2]

Vii = [Vijn Vija Vii = [Viji Vijol

Zij = |Zijy Zijo] Zij = [Zijx Zijo]

Sij = diag[Sij1 Sij] Sij = diag[Sij1 Sijo]
Uij = diag[Uiji Uijo] Uij = diag[Uijn Usjo]
Wij = diag [Wijl Wi]‘Q] Wij = diag [Wiﬂ Wijz]

and © = diag[(82)°1 (£2)°1], ¥ = diag [v{1 v31].
Proposition 2: The set of ~-suboptimal controllers is
nonempty if and only if there exist symmetric Xjjo, Yz]o,
Xij, 2/”, :9”, Wi, S”, Wij, Uij, Us; and skew matrices T},
Zij, Tij, Zij, Vij, V” for Vl,] such that

oY)
Q1 Q2 Qu YiyoClhy 3Yi— 7
* Qs @ -V 0
* x Qs Vi Chy 0 <0, (14
* * * —Ui; 0
* * * * —Wij
Q7 Qs Qo Xijoéwlij %Xij — Zij
* Qo Qu Vi 0
* * Q12 X£B~w1ij 0 < 07 (15)
* * * —Us;; 0
* * * * —Wij

where each ¢ is the vertex of parameter subspace P;;. Here,

Q= YijOA’z‘IJ“0+AijOYijO+IT [05;; +\I’Wij]I+'7_2Bwij0BZ;ij0



—BuijoBrijo, Q2 = YijoClijo, Qs =1 OU;T —1I,

Qs = Yi]-oxi?} + Aijof/ij - Buz‘joéfij - Tij + 772BwijOB£ij,

Qs = Czujof/ij, Qs = YJAZ; + Ainij - Bui]‘Bg‘l‘j — SZ
+v7?Buij Buijy Q7 = AljoXij0+XijoAijo+I" [0S +TWi|T
+772CzTijOCZij0 - O;FijocyijO; Qs = XijoBuwiijo,
Q1o = A?}of(ij + XijoAij — O;‘joéyij —Tij + ’77205106'&]‘,
Qo =I"0U;I -1, Qu = BunijoXij,

Q12 = AZ;X” + X};Az] - C’;jéyij - Sij + ’772031']‘0;1‘]‘- O

Proof: Due to length constraints, we provide a sketch of
the derivation. Consider the derivation of Eq. 15. Using the
Schur complement, Eq. 12 can be reduced to a 2 x 2 block
matrix and then to a quadratic inequality (QIE), when pre-
multiplying by [:cT wT] and post-multiplying by [mT wT] T

As in [11], we introduce fictitious variables p, = 0z,
qx = éijk,:v and 7, = 9ijkw, and formulate this QIE in terms
of these new variables. The equality relations between py,
gr, 7t and z are also transformed to the inequalities using
the quadratic relation [11]. Using the S-procedure, QIE and
these additional inequalities are then combined to form an
augmented quadratic inequality. The derivation of Eq. 14 is
similar, but starts with Eq. 11. Furthermore, since A;; and
YVi; are affine in éij, Eq. 13 can replace Eq. 10. O

4 Numerical Examples

12 12
1 T = A
}—0 1/2-1/2
W12
w1 ——=

Ml=1J\A/— Ah:lT Yy

U
k=1.25+0(t) ws
Z2

Fig. 2: Block diagram of the system

We will perform a comparative study to investigate several
aspects of our approach. The induced Ls-norm, v, is used
as a measure of conservatism in various analysis methods.
Consider the benchmark problem (see Figure 2) with a time-
varying parameter 0(t) of |0(¢)| < 0.7 and |0(t)| < N t,, where
t, = 1.61 sec is the rise time of the nominal system (¢, =~
1.8/wy) and N is the normalized bound. It is assumed that
0(t) and O(t) are measurable in real time. Then, we can
design a full-order 7ops-suboptimal LPV controller defined in
Eq. 3. Note that y,pt means the smallest v achieved by LPV
controllers.

We choose 50 points for the normalized bound N between
[0.01, 60], and for each N, find a yopt-suboptimal LPV con-
troller. Because this LPV system is affine 6-dependent,
we consider the gridding technique [16] with QALSs, named
QALs, and our new approach using QPALs with different
numbers of partitions, L € {1, 2, 3, 5}. As shown in [1], the
gridding technique using QALSs can lead to less conservative
results than other published “convexifying” approaches devel-
oped by the same dissipative systems theory. Note, however,
that this gridding technique does not guarantee the synthe-
sis result, and thus any post-analysis is required. For each

10° 10 10° 10

1

Fig. 3: yopt’s vs. N of various techniques

technique, we consider two cases: The QAL (or QPAL) in-
dicates a typical case that X () and Y (0) are (piecewise-
) affine parameter-dependent; The QAL (or QPALL) indi-
cates a special case that X (0) is (piecewise-) affine parameter-
dependent and Y (6) is constant. All LMI-related computa-
tions were performed with the MATLAB LMI Control Tool-
boz [8]. The mincz subroutine was used, and ten gridding
points were employed for the gridding method.

Figure 3 plots the resulting curves of yopt’s vs. N of QAL
and QPAL techniques. This figure shows the prediction of
the guaranteed 7opt from each approach for a broad range of
N. Note that each of the curves has the same basic shape
which indicates that, as expected, the techniques can only
guarantee larger yopt (or worse Lo performance) as the rate
of change in the parameter increases. This figure shows that
as N — 0, i.e. an unknown but time-invariant parameter,
the results of all the cases are much better than that of the
Popov controller synthesis (PCS) [3], which uses a special case
of the Luré-Postnikov Lyapunov function. These results are
confirmed by the fact that the QAL and QPAL use nonlinear
parameter-dependent Pe(0)’s (see Eq. 4), thereby reducing
conservatism. The large variation of y,p¢ over the entire range
of N implies that typical LFT-y approach that only considers
|0(t)] — oo would be very conservative. This figure also shows
that our QPAL approach with a small number of partitions
(L > 3) predicts lower Yopt (or better performance) than the
QAL approach over almost the entire range of N, and thus
is less conservative. As discussed in our previous paper [11],
this result is due to the fact that our QPAL can use a richer
class of parameter-dependent Lyapunov functions. Figure 3
shows that for N < 0.1, the “convexifying” technique creates
little conservatism (see the curve of L = 1), so that the richer
Lyapunov function class directly leads to less conservatism
(L > 2). Figure 3 also shows similar behavior for N > 1,
although the “convexifying” technique becomes conservative
(L = 1). Furthermore, it is shown that as L increases, our
approach predicts even lower values of vopt’s for intermediate
values of N. In this example, these improvements in the
synthesis are obtained at the cost of polynomially-increased
computational time, i.e. a linearly-increased number of LMIs
and variables.

To analyze further the benefit of using a parameter-dependent
controller, we compare the Ho-norm of the closed-loop sys-
tem of several design techniques in case of N = 0. We select
50 frozen €’s in [—0.7 0.7] and construct a perturbed sys-
tem for each value of 6 and then close the loop with various
controllers. We then calculate the nominal Heo-norm’s of
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these closed-loop systems. The controllers considered here
are the Popov controller [3] and ~yopt-suboptimal LPV con-
trollers of QPALs. We also include pointwise-Hoo controllers
which are the best LPV controller for this static case. Fig-
ure 4 plots Hoo-norm’s of the closed-loop systems for four de-
sign techniques. This figure shows that the Popov controller
yields almost the same performance as the guaranteed opt
over the entire parameter space. This result is obviously re-
lated to the fact that the controller is parameter-independent,
thereby being unable to use additional information such as
measuring parameters. A similar result is shown in [9]. The
performance is the worst because it uses the most restric-
tive Lyapunov function, as discussed above. This figure also
shows that QPAL yields better performance than the worst
performance (yopt) guaranteed by the synthesis. This is an-
other benefit of using parameter-dependent controllers. As
expected, the QPALL is obviously more conservative than the
QPAL over the entire parameter space. As L increases, the
Hoo-norm curve of the QPAL approaches the best achievable
performance curve (pointwise-Ho). This result confirms the
fact that our QPAL can approximate the required parameter-
dependent Lyapunov function that produces a less conserva-
tive result. However, the gap still remains which is primarily
due to the conservatism inherent in the “convexifying” tech-
niques.
5 Conclusions

This paper develops the LMI formulation of the induced L2-
norm synthesis by a nonsmooth dissipation theory using a
continuous, quasi-piecewise affine parameter-dependent Lya-
punov function. The numerical example shows that this
new technique can, with a small number of partitions in
the parameter space, provide a less conservative robustness
guarantee when compared to previously published methods.
While computationally intensive, our approach should help
in the investigation of the conservatism of various classes of
parameter-dependent Lyapunov functions for different rates
of change in the parameter.
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6 Appendix

Lemma 2 is more rigorous version than Lemma 1.1 of [11].

Lemma 2: V(z,0) is assumed continuous, uniformly Lips-
chitz in = and @, respectively. For & of Eq. 1 and 0 € F2,

DTV (z,0) > DTV (z,0)(L,0) + Dy V(z,0)(0,0),

DTV (z,0) < DYV (z,0)(U,0) + DYV (2,0)(0,0),

where U(t) = }lbin%) [Un =supSi], L(t) = }lbin%) [Ly = inf Sp],
and Sp(t) ={y|ly=2(t+7),—h <7 <h}. |

Proof: We provide a sketch of the derivation. In the defini-
tion of DTV (z,0), add the following terms: V (z(t+h),0(t))—
V(z(t+h),0(t)). According to continuity and Lipschitz con-
dition [13],

DV (z,0) > DYV (z,0)(v,0) + D1V (z,0)(0,0),
DV (z,0) < DTV (z,0)(v,0) + DTV (z,0)(0,0),

t+h

.1 . . i
where v = lim — Z(7)dr. The above inequalities are

h—oh [,
1 [t
then derived because Ly (t) < 7 / z(1)dT < Up(t). ad
t
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