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Abstract— This paper presents conditions under which
the feedback interconnection of a nonlinear plant and a
piecewise-aﬃne controller is stable. The piecewise-aﬃne
controller is designed for a piecewise-aﬃne approximation
of the nonlinear dynamics. The design is based on
previous work of the authors. The paper also shows how
to use diﬀerential inclusions to design piecewise-aﬃne
controllers for stabilization of nonlinear systems. A numerical example is provided to illustrate the procedure.

I. Introduction
Most physical systems encountered in engineering
applications are inherently nonlinear. Thus, control
of nonlinear systems is a subject of active research
and increasing interest. However, most controller
design techniques for nonlinear systems are not
systematic and/or apply only to very speciﬁc cases.
Current systematic approaches to design controllers
for nonlinear systems can be divided into two main
categories: Lyapunov-based design and diﬀerential
geometric design. A typical diﬀerential geometric
approach is feedback linearization. The basic idea
of this technique is to design a control law that
cancels the nonlinearities of the plant and yields a
closed-loop system with linear dynamics. However,
the technique is not robust to uncertainties in the
plant parameters, can yield to uncontrolled dynamics
called zero dynamics and can only be applied to
systems verifying certain vector ﬁeld relations [1].
On the other hand, the primary disadvantage of
Lyapunov-based techniques is the selection of the
Lyapunov function, which is not systematic and far
from obvious in most cases. Based on the recent
developments in piecewise-aﬃne controller design
techniques [2], [3], this paper presents a new systematic Lyapunov-based design approach for nonlinear

systems: design a piecewise-aﬃne controller for a
piecewise-aﬃne approximation of the nonlinear plant
and show that this controller yields stability of
the original nonlinear system. The advantages of
this new technique are: i) it is systematic because
it searches for a parameterized control Lyapunov
function with a ﬁxed structure, ii) it can be cast as an
optimization problem yielding computable controller
parameters and iii) it delivers not only a controller
but also a Lyapunov function that proves stability
of the closed-loop system. The paper starts with a
review of previous work of the authors on state feedback controller synthesis for piecewise-aﬃne systems.
Then, the main result on the stability of the feedback
interconnection of a piecewise-aﬃne state feedback
controller with the original nonlinear plant is presented in Section III. The piecewise-aﬃne controller
is designed for a piecewise-aﬃne approximation of
the nonlinear system. Section III then establishes
conditions on the approximation error under which
it is possible to guarantee that the piecewise-aﬃne
controller designed using the techniques in [3] also
stabilizes the original nonlinear plant. Section IV
uses diﬀerential inclusions to guarantee a priori that
the designed controller will stabilize the original
nonlinear system. This is followed by a numerical
example and the conclusions
II. Controller Synthesis
The piecewise-aﬃne control design concept for nonlinear systems is depicted in ﬁgure 1. It is assumed
that the control objective is to stabilize the system to
the desired closed-loop equilibrium point xcl . Given
a general nonlinear system, there are three main
steps in the control design process: computing a
piecewise-aﬃne (PWA) approximation of the dy-

namics, designing a PWA controller for this set of
dynamics, and proving that this controller stabilizes
the original nonlinear plant. An algorithm for computing a piecewise-aﬃne approximation of a class
of nonlinear dynamics given a grid in the domain
of the nonlinearity is presented in [4]. This section
reviews the design of a state feedback piecewiseaﬃne controller for a piecewise-aﬃne plant as the
solution to an optimization problem. Section III
then presents conditions under which this controller
stabilizes the original nonlinear plant.
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B. Piecewise-Aﬃne Controller Synthesis
Following previous analysis of PWA systems [5], [6],
consider the piecewise-quadratic Lyapunov function
continuous at the boundaries and deﬁned in ∪M
i=1 Ri
by the expression
V (x) =

M


βi (x)Vi (x),

i=1

It is assumed that a piecewise-aﬃne system and
a corresponding partition of the state space with
polytopic cells Ri , i ∈ I = {1, . . . , M } are given
(see [4] for generating such a partition). Following
[6], [5], each cell is constructed as the intersection of
a ﬁnite number (pi ) of half spaces
Ri = {x |

HiT x

− gi < 0},

(1)

where Hi = [hi1 hi2 . . . hipi ], gi = [gi1 gi2 . . . gipi ]T .
The sets Ri partition a subset of the state space
X ⊂ IRn such that ∪M
i=1 Ri = X , Ri ∩ Rj = ∅, i = j,
where Ri denotes the closure of Ri . Within each cell
the dynamics are aﬃne of the form
ẋ(t)

= Ai x(t) + bi + Bi u(t),

(2)

where x(t) ∈ IRn and u(t) ∈ IRm . Each polytopic cell
has a ﬁnite number of facets and vertices. Any two
cells sharing a common facet will be called level-1
neighboring cells. Let Ni = {level-1 neighboring cells
of Ri }. It is also assumed that vectors cij ∈ IRn
and scalars dij exist such that the facet boundary
between cells Ri and Rj is contained in the hyperplane described by {x ∈ IRn | cTij x − dij = 0}, for
i = 1, . . . , M , j ∈ Ni . A parametric description of
the boundaries can then be obtained as [5]
Ri ∩ Rj ⊆ {lij + Fij s | s ∈ IRn−1 }

(3)
n×(n−1)

for i = 1, . . . , M , j ∈ Ni , where Fij ∈ IR
(full rank) is the matrix whose columns span the
null space of cij , and lij ∈ IRn is given by lij =

−1
cij cTij cij
dij . For system (2), we adopt the definition of trajectories or solutions presented in [6].



Vi (x) = xT Pi x + 2qiT x + ri ,

(4)

where Pi = PiT ∈ IR(n×n) , qi ∈ IRn , ri ∈ IR and

1, x ∈ Ri
βi (x) =
,
(5)
0, x ∈ Rj , j = i
for i = 1, . . . , M . The expression for the candidate
Lyapunov function in each region can be recast as

T 


x
Pi qi
x
Vi (x) =
= xT Pi x. (6)
1
qiT ri
1
Using the boundary description (3), continuity of the
candidate Lyapunov function across the boundaries
is enforced for each region Ri and for j ∈ Ni by [5]
FijT (Pi − Pj )Fij = 0,
FijT (Pi − Pj )lij + FijT (qi − qj ) = 0, (7)

T
lij
(Pi − Pj )lij + 2(qi − qj )T lij + (ri − rj ) = 0.

Let αi be the desired decay rate for this Lyapunov
function in each region Ri . Then, deﬁning a performance criterion as J = mini=1...M αi , the state
feedback control design problem is to ﬁnd from the
class of control signals parameterized in the form
u = Ki x + mi in each region Ri , the one that
maximizes the performance J . The closed-loop state
equations in each region Ri are
ẋ = (Ai + Bi Ki ) x + (bi + Bi mi ) ≡ Āi x + b̄i . (8)
The matrix Āi will be designed to be invertible and,
therefore, each polytopic region will have a single
equilibrium point. Setting xicl to be the closed-loop
equilibrium point for region Ri yields the constraint
(Ai + Bi Ki ) xicl + (bi + Bi mi ) = 0.

(9)

The function V (x) in (4) will be a Lyapunov function
with a decay rate of αi for region Ri if, for ﬁxed
 ≥ 0,

Vi (x) >  x − xcl 2 ,
(10)
x ∈ Ri ⇒
d
Vi (x) < −αi Vi (x).
dt
where xcl is the desired closed-loop equilibrium point
of the system.
Remark 1: Note that because V (x) > 0 (deﬁned
in IRn ) is continuous, the fact that V is piecewisequadratic also implies that V is radially unbounded,
i.e., V (x) → +∞ as x → ∞, provided Pi > 0,
i = 1, . . . , M .
2
Using the polytopic description of the cells (1) and
the S−procedure [7], it can be shown that suﬃcient
conditions for stability with a guaranteed decay
rate of αi for each region Ri are the existence of
Pi = PiT > 0, qi , ri , and matrices Zi and Λi with
nonnegative entries satisfying



Pi − In − H̄iT Zi H̄i qi + xcl + H̄iT Zi ḡi
>0, (11)
T
(·)
ri − xTcl xcl − ḡiT Zi ḡi

 T
Āi Pi + Pi Āi + H̄iT Λi H̄i Pi b̄i + ĀTi qi − H̄iT Λi ḡi
<0

+αi Pi
+αi qi
T
T
T
(·)
2b̄i qi + ḡi Λi ḡi + αi ri
(12)
where H̄i = [0 hi1 hi2 . . . hipi ]T , In is the identity
matrix of dimension n, and ḡi = [1 gi1 gi2 . . . gipi ]T .
Note that conditions (11) and (12) are only concerned with the behavior of the system in the interior
of the polytopic regions. To guarantee convergence
of the trajectories to the closed-loop equilibrium
point, it must also be ensured that the trajectories do not stay at a switching boundary for
any time interval with positive length. Equivalently,
additional constraints are required to ensure that
sliding modes [8] are not generated at the boundaries
between polytopic regions. Reference [3] shows that
constraints for avoidance of sliding modes at the
boundaries can be formulated as
cTij
cTij

(Ai + Bi Ki − Aj − Bj Kj ) Fij

= 0,

[(Ai + Bi Ki − Aj − Bj Kj ) lij ] +
cTij [bi + Bi mi − bj − Bj mj ] = 0, (13)

for i = 1, . . . , M and j ∈ Ni .
Deﬁnition 2.1: The state feedback synthesis opti-

mization problem is
max min αi
i

s.t. (9), (7), (11), (12), (13)
Zi  0, Λi  0, αi > l0 ≥ 0,
−l1 ≺ Ki ≺ l1 , −l2 ≺ mi ≺ l2 , i = 1, . . . , M,
where , ≺ mean component-wise inequalities, l0 is
a scalar bound and l1 , l2 are vector bounds. Note
that the optimization variables are xicl , Ki , mi , αi ,
Pi , qi , ri , Zi and Λi .
2
Making xicl the stationary point of the quadratic
sector of (4) in Ri yields qi = −Pi xicl . To simplify
the optimization problem, the desired closed-loop
equilibrium points for each polytopic region, xicl ,
are selected a-priori (e.g, using the optimization
algorithm described in [4]). Then the products of
unknowns in (12) will involve only two variables and
this expression is called a bilinear matrix inequality
(BMI). Because of the BMI, the optimization problem 2.1 is N P-hard. Ref. [3] presents 3 algorithms
for obtaining suboptimal solutions to this problem.
Theorem 2.1: Assume the Lyapunov function (4) is
deﬁned in X ⊆ IRn . If there is a solution to the
design problem from deﬁnition 2.1, the closed-loop
system is locally asymptotically stable inside any
subset of the largest level set of the control Lyapunov
function (4) that is contained in X . If  > 0 then the
convergence is exponential. If, furthermore, X = IRn
then the exponential stability is global.
2
Proof: See [3].
III. Stabilization of Nonlinear Plants
This section presents the main result on the stability
of the closed-loop system formed by a piecewiseaﬃne controller and a nonlinear plant. It is assumed
that a controller has been designed for a piecewiseaﬃne system that approximates the original nonlinear system. More speciﬁcally, we assume that a
nonlinear system in the form
ẋ = f (x) + g(x)u

(14)

is given for which, for simplicity, it is assumed that
the full state is accessible. We further assume that
a piecewise-aﬃne approximation of these dynamics
can be computed (for example using the method
described in [4]) and that a piecewise-aﬃne state
feedback control law u = Ki x+mi is designed for this
PWA approximation using the technique described

in Section II-B. Let Āi and b̄i be deﬁned as in (8)
and deﬁne the approximation error for the closedloop system as
δ(x) = f (x) + g(x) (Ki x + mi ) − Āi x − b̄i
≡ f˜(x) − Āi x − b̄i
(15)
Under these assumptions, the following result can be
derived.
Theorem 3.1: Assume the Lyapunov function (4) is
n
deﬁned
 the condition number
  in X ⊆ IR and deﬁne
χ P i = σmax P i /σmin P i for P i as described
in (6). If there is a solution to the design problem
from Deﬁnition 2.1 and if
αi x̄ 2 −1  
Pi ,
χ
x ∈ Ri ,
δ(x) 2 <
2
where x̄ = [xT 1]T , then the closed-loop system
formed by the piecewise-aﬃne state feedback controller u = Ki x+mi and the original nonlinear plant
dynamics (14) is locally asymptotically stable inside
any subset of the largest level set of the control
Lyapunov function (4) that is fully contained in
X . If, furthermore X = IRn then the asymptotic
stability is global.
2
Proof. See [9].
This is a very interesting result that says that the
condition number of the P i matrix that describes
the Lyapunov function in region Ri should be
smaller for higher modeling errors (as measured by
δ(x) 2 ). This can be interpreted as a theoretical
justiﬁcation for trying to minimize the maximum
condition number of P i , i = 1, . . . , M , as has been
suggested in Ref. [3].
Note that the result in Theorem 3.1 is an a-posteriori
check for stability because it concerns the state feedback controllers already designed for the piecewiseaﬃne approximation of the nonlinear dynamics solving the optimization problem from Deﬁnition 2.1.
However, the controllers can be designed so that
they are guaranteed a-priori to stabilize the original
nonlinear system using the method described in
Section IV or using similar conditions on the norm
of the approximation error as the ones suggested for
stability analysis in [6].

original nonlinear system, robustness tools such as
diﬀerential inclusions [7] must be used. Diﬀerential
inclusions are associated with the idea of replacing
a nonlinear system by a time-varying linear system,
which has been called global linearization. Diﬀerential inclusions enable us to embed the nonlinear
system in the piecewise-aﬃne framework by using
time-varying system matrices and representing the
nonlinear dynamics by
ẋ(t) = Ai (t)x(t) + bi (t) + Bi (t)u(t), x(t) ∈ Ri . (16)
The following considers the case where the dynamics
within each cell can be written as a convex combination of a ﬁnite set of aﬃne dynamics, which is
called a polytopic diﬀerential inclusion [7]. In other
words, we assume that for every t and for x(t) ∈ Ri ,
there exist an index set Ii , scalars λp (t) ≥ 0, p ∈
Ii , p∈Ii λp (t) = 1 and matrices (Ap , Bp , bp ) such
that the nonlinear dynamics can be written as

ẋ(t) =
λp (t) (Ap x(t) + bp + Bp u(t)) , x(t) ∈ Ri ,
p∈Ii

(17)
or, equivalently, ẋ ∈ Cop∈Ii {Ap x + Bp u + bp },
where the operator Co denotes the convex hull.
With u = Ki x + mi in each region Ri , the control
Lyapunov function now needs to be decreasing for all
possible solutions of the piecewise-aﬃne diﬀferential
inclusion (17). To that end, the Lyapunov function
must be decreasing for every aﬃne dynamics [7], [6]
ẋ = (Ap + Bp Ki ) x + (bp + Bp mi )

(18)

that deﬁne the inclusion in each cell. This condition
can be written as S < 0 where S is given by

 T
Āpi Pi + Pi Āpi + H̄iT Λi H̄i Pi b̄pi + ĀTpi qi − H̄iT Λi ḡi


+αi Pi
+αi qi
T
(·)
2b̄Tpi qi + ḡiT Λi ḡi + αi ri
(19)
= [0 hi1 hi2 . . . hipi ]T , ḡi
=
where H̄i
[1 gi1 gi2 . . . gipi ]T , Āpi = Ap + Bp Ki and b̄pi =
bp + Bp mi . Note that when the original system is
actually piecewise-aﬃne then Ii = {i}, which implies
p = i in (19) and (19) reduces to (12). A given point
xicl can be made the desired closed-loop equilibrium
point for the system from region Ri by making it the
closed-loop equilibrium point of all aﬃne dynamics
in region Ri , yielding the constraints

IV. Control of Nonlinear Systems

Āpi xicl + b̄pi = 0,

To synthesize piecewise-aﬃne controllers that are
guaranteed a-priori to exponentially stabilize the

for all p ∈ Ii . To avoid being overly restrictive,
the diﬀerential inclusion should use index sets Ii

(20)

of the smallest possible cardinality. Deﬁning the
sliding surface between regions Ri and Rj as
{x ∈ IRn | σij ≡ cTij x − dij = 0}, then σ̇ij must
be continuous at the boundary described by (3)
to avoid sliding modes, which
yields for each re
T
the
constraints
c
(F
+ lij ) + b̄pi =
gion
R
Ā
 i
ij pi ij s n−1
T
cij Āqj (Fij s + lij ) + b̄qj , ∀s ∈ IR
, j ∈ Ni ,
p ∈ Ii and q ∈ Ij . This can be rewritten as


cTij Āpi − Āqj Fij = 0,



cTij Āpi − Āqj lij + b̄pi − b̄qj = 0, (21)
for i = 1, . . . , M , j ∈ Ni , p ∈ Ii and q ∈ Ij .
Deﬁnition 4.1: The state feedback synthesis optimization problem is
max

min αi
i

s.t. (20), (7), (11), (19), (21)
Zi  0, Λi  0, αi > l0 ≥ 0,
−l1 ≺ Ki ≺ l1 , −l2 ≺ mi ≺ l2 ,
where i = 1, . . . , M, j ∈ Ni , p ∈ Ii , t ∈ Ij , l0 is a
scalar bound and l1 , l2 are vector bounds.
2
We can now state the following Corollary of Theorem
2.1.
Corollary 4.1: Assume the Lyapunov function (4) is
deﬁned in X ⊆ IRn . If there is a solution to the design
problem from Deﬁnition 4.1, then the closed-loop
system is locally asymptotically stable inside any
subset of the largest level set of the control Lyapunov
function (4) that is fully contained in X . If  > 0
then the convergence is exponential. If furthermore
X = IRn , exponential stability is global.
Proof: See Ref. [9].
Note that this result is more powerful than the one
in Theorem 3.1 because it is an a-priori result that
guarantees that the resulting controller will exponentially stabilize the original nonlinear system. Similarly to the standard results in diﬀerential inclusions,
Theorem 4.1 has the drawback of being potentially
conservative if the convex hull in which the nonlinear
system is embedded does not have a ”minimal” size
(in some sense). Ref. [7] discusses several methods
for reducing the conservatism in modeling systems
using diﬀerential inclusions. Furthermore, note that
if a globally quadratic Lyapunov function is used,
then xicl = xcl , i = 1, . . . , M, and stability is proved
for any switching [10], which enables one to remove
the conditions (20) and (21).

V. Example
Consider a temperature exchanger system whose
temperature (in degrees Celsius) is bounded, belonging to the interval [−2, 2], and obeys the

 ﬁrst-order
nonlinear diﬀerential equation Ṫ = 0.5 1 − T 2 + u.
A state feedback controller was designed for the
PWA approximation of the system described by
Ṫ = 1 − |T | + u. Setting x = T generates the
polytopic regions R1 = {x ∈ IR | − 2 < x < 0}
and R2 = {x ∈ IR | 0 < x < 2}. The objective is to
stabilize the open-loop unstable equilibrium point of
region R1 at x = −1, with the choice of equilibrium
points x1cl = x2cl = −1. Using the method described
in section II-B with l0 = 0, l1 = l2 = 10,  = 10−3 ,
after two iterations of the V -K algorithm
  [3] the
= α2 = 18, χ P 1 = χ P 2 = 2.618.
results are α1 
Since x̄ = (1 + x 2 ) ≥ 1, invoking Theorem
3.1, we ﬁnd that the controller stabilizes the original
nonlinear system if


δ = 0.5 1 − x2 − 1 + |x| < 3.44
Comparing the parabola with the upper line in ﬁgure
2 it is seen that indeed δ ≤ 0.5 < 3.44. The
resulting controller parameters are K1 = −10, K2 =
−8, m1 = −10, m2 = −10. If the nonlinearity is
bounded by the straight lines shown in ﬁgure 2, then
the method of diﬀerential inclusions searching for a
globally quadratic Lyapunov function, yields after
one iteration P1 = P2 = 1, r1 = r2 = 1.6, K1 =
−2.41, K2 = −0.41, m1 = −2.41, m2 = −2.41 (the
performance of the controller does not improve after
the ﬁrst iteration). Invoking Corollary 4.1, this controller stabilizes the nonlinear system. A comparison
of the controllers obtained using the two diﬀerent
methods is shown in the simulations presented in
ﬁgure 3 for the initial condition x0 = 1 (inside R2 ).
It is clear from the plot that, as expected, the method
of diﬀerential inclusions yielded a more conservative
result (slower controller).
VI. Conclusions
This paper presented conditions under which the
feedback interconnection of a nonlinear plant and a
piecewise-aﬃne controller (designed for a piecewiseaﬃne approximation of the nonlinear dynamics) is
stable. The paper has also shown how to use the
concept of diﬀerential inclusions to design piecewiseaﬃne controllers for stabilization of nonlinear systems. Together with previous work of the authors
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Simulation Results.

[3], this paper enables a fully automated synthesis
tool for a wide class of nonlinear systems.
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