
Demonstration of Adaptive Extended Kalman Filter for

Low Earth Orbit Formation Estimation Using CDGPS

Franz D. Busse, Stanford University
Jonathan P. How, MIT

James Simpson, NASA Goddard Space Flight Center

BIOGRAPHY

Franz Busse is completing his Ph.D. in aeronautics
and astronautics at Stanford University. He received
his M.S. from Stanford in 1998, and B.S. from MIT in
1995. He now works for the MIT Lincoln Laboratory.

Jonathan How is an Associate Professor in the Dept. of
Aeronautics and Astronautics at MIT. He received his
B.A.Sc (1987) from the University of Toronto, and
SM (1990) and Ph.D. (1993) from MIT, both in the
Dept. of Aeronautics and Astronautics.

James Simpson is a GNC system engineer at NASA
GSFC. He received his B.S. from West Virginia Uni-
versity and M.S. from University of Maryland.

ABSTRACT

Carrier-phase Di®erential GPS is an ideal sensor for
formation °ying missions in low Earth orbit since it
provides a direct measure of the relative positions and
velocities of the vehicles in the °eet. This paper presents
results for a relative navigation ¯lter that achieves
centimeter-level precision using measurements from a
customized GPS receiver. This work uses a precise,
robust extended Kalman ¯lter that is based on rela-
tively simple measurement models and a linear Kep-
lerian propagation model. To increase the robustness
of the ¯lter in the face of environment uncertainty, the
¯lter is adapted using MMLE algorithms. The adap-
tive ¯lter is used to accurately identify the process
noise and sensor noise covariance for the system. De-
spite the simplicity of the ¯lter, hardware-in-the-loop
simulations performed on the Formation Flying Test-
bed at the Goddard Space Flight Center demonstrate
that this ¯lter can achieve ¼2 cm relative position ac-
curacy and <0.5 mm/s relative velocity accuracy for
a range of Low Earth Orbit formations.

Presented at the Institute of Navigation GPS Meeting,
Portland OR, September 2002

INTRODUCTION

Orbital relative navigation is a critical technology for
a range of orbital formation °ying missions. NASA,
the Department of Defense (DoD), and the European
Space Agency (ESA), are all currently planning low
Earth orbit (LEO) formation °ying missions [1, 2].
Some of these missions, such as TechSat-21, require
relative navigation accuracy on the order of 2 cm posi-
tion for separations of several kilometers. The goal of
this research has been to develop a relative navigation
sensor that can meet these requirements in real-time.

Carrier-phase Di®erential GPS provides an ideal sen-
sor to deliver the required performance. It can be rela-
tively low cost, and it is reliable and robust. It also has
a four-in-one sensor capability, with the ability to de-
liver absolute state, relative state, time, and attitude
sensing. GPS has already been demonstrated many
times for absolute navigation on orbit [3]. (The ab-
solute state refers to the state with respect to the cen-
ter of the Earth. The relative state refers to the state
of an individual vehicle with respect to some point
local to the formation.) GPS has also been used on-
orbit for relative navigation [3, 4, 5]. However, the ac-
tual relative navigation performance achieved on these
missions is not su±cient. The best results from ac-
tual °ight data has been 8-10 meters position accu-
racy, and about 1 cm/s velocity accuracy. To improve
this, there have already been 2-vehicle hardware-in-
the-loop relative navigation demonstrations using car-
rier di®erential GPS with signi¯cantly better perfor-
mance. Binning used a dual frequency TurboRogue
receiver and the Naval Research Laboratory's OCEAN
orbital model to achieve 15cm relative position and
0.3 mm/s relative velocity accuracy [6]. Ebinuma used
a simpler single-frequency receiver in closed-loop ren-
dezvous simulations, and demonstrated 5 cm position
accuracy and 1 mm/s velocity accuracy [7]. More re-
cently, we have reported results from decentralized
4-vehicle formation hardware-in-the-loop simulations
also using a single-frequency receiver [9]. For 1 km
separations, relative position accuracy of 1cm and ve-
locity accuracy of 0.3 mm/s was demonstrated.
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A decentralized estimation algorithm was selected for
this work on formation °ying because it o®ers the ad-
vantages of °exibility and robustness over centralized
approaches [8, 9]. Furthermore, one of the goals of for-
mation °ying is to use distributed groups of smaller,
simpler, and lower cost vehicles to replace expensive,
monolithic, and complex space vehicles. Therefore, the
goal is to design the simplest decentralized real-time
¯lter that can still meet the mission requirements.

An important problem facing any orbital relative nav-
igation designer, is how to handle uncertainty. There
are signi¯cant uncertainties in the measurements, dy-
namics, and disturbances that will be experienced by
the formation. One of the drawbacks of complex mod-
els is that they may be based on assumptions that
are not accurate, or on conditions that are not well
understood. Adaptive ¯ltering provides the ability to
compensate for some of these uncertainties. As such,
this paper presents a simple, decentralized, real-time
adaptive extended Kalman ¯lter for low Earth orbit
relative navigation. The focus is on the adaptive tech-
niques for dealing with uncertainty in the process noise
and sensor noise. These adaptive algorithms provide
additional robustness to the ¯lter, helping achieve the
desired estimator precision. This is especially impor-
tant for orbital applications, where it is di±cult to
manually tune the ¯lter or correct for any unexpected
behavior. The e®ectiveness of the ¯lter, and of the
adaptive capability, are demonstrated using hardware-
in-the-loop simulations performed at Goddard Space
Flight Center's Formation Flying Testbed (FFTB).

EKF DESIGN

An extended Kalman ¯lter is implemented to process
the single di®erence GPS measurements. The mea-
surements are provided at 1 Hz. Ref. [11] provides a
detailed discussion of the types of models (measure-
ment and dynamic) that are available for this applica-
tion, and in particular, why the following ¯lter uses a
nonlinear measurement update but a linear dynamic
model (su±cient for such a short propagation period).
The state vector to be estimated is de¯ned as

xk =

2
6666666664
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where

tk = Time of discrete step k.

¢rij ;¢_rij = Relative position and velocity of ve-
hicle j with respect to vehicle i, ex-
pressed in a Cartesian ECEF coordi-
nate frame. These are the primary
states of interest.

¢bij ;¢_bij = Di®erential clock o®set and drift be-
tween vehicle j and vehicle i

¢¯mij = Di®erential carrier phase bias for the
signal received from GPS satellite m.
This bias includes receiver line bias,
and is not assumed to be an integer.

Equation 1 de¯nes the state at discrete time-step k;
the (¢)i and (¢)j refer to user vehicles, and (¢)m re-
fer to the GPS NAVSTAR satellites. All the elements
of the state vector are di®erential quantities between
user vehicle j and reference user vehicle i, as indicated
with the ¢ symbol. The full state vector has (8 +N)
states, where N is the number of commonly visible
GPS satellites. This state has signi¯cantly fewer vari-
ables than similar ¯lters developed by others (see [7]);
the smaller state translates into smaller matrix inver-
sions and fewer computations per time-step.

The state is estimated by recursively updating the es-
timate with new measurements and then propagating
the state estimate between the update times. The sin-
gle di®erence measurements at each time-step are
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The measurements are combined with the previous
state estimate using the standard form:

x̂+
k = x̂¡k ¡Kk

³
yk ¡ ĥk
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where hk(¢) is the nonlinear function relating the state
to the measurement (see Eq. 10). The observation
matrix in equation 4 is the Jacobian,

Hk =
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The Kalman gain, Kk is determined from
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where R̂k is the expected sensor noise covariance. The
state and covariance are propagated between updates
using

x̂¡k+1 = ©k
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k

¢
(7)
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©k is the state propagation matrix, which is a lin-
earization of the dynamic functions de¯ned in Eqs. 13
and 15. In Eq. 8, Q̂k is the expected process noise
covariance.

Measurement Model
Each vehicle has a GPS receiver which collects its own
independent set of measurements at each time-step.
The GPS receiver provides three measurements: code
phase, carrier phase, and the Doppler shift on the car-
rier phase. Absolute navigation uses the code and
Doppler measurements. However, for the relative nav-
igation, only the carrier phase measurement needs to
be used [11].

For relative navigation, two receivers located on dif-
ferent vehicles collect measurements from the same
NAVSTAR satellite. These are subtracted to create
a single di®erence measurement

¢Ámij = Ámj ¡ Ámi (9)

This provides a direct measure of the relative state
between the two vehicles. The advantage of using the
single di®erence is that the errors in these di®erential
terms are much smaller than in the corresponding ab-
solute terms. Speci¯cally, the single di®erence is

¢Ámij = krmi ¡ rik ¡ krmj ¡ (ri + ¢rij) k+

¢¯mij + ¢bij + ¢Bm
ij + ¢Imij + º¢Á (10)

where

rmi = position of NAVSTAR satellite m at time
of transmission of the signal measured by
user i

ri = position of user i at the time the signal is
measured by user i

¢bij = di®erential clock o®set between users i
and j

¢Bm
ij = di®erential clock o®set for GPS satellite

m, between the time of transmission of
signals measured by users i and j

¢Imij = di®erential ionospheric delay

¢¯mij = di®erential carrier phase bias between
users i and j, on signal from m

º¢Á = remaining di®erential noises

The measurements contribute the largest errors, and
equation 10 deserves special attention. The relative
states ¢r and ¢b are to be estimated. To determine
ĥk(¢) in Eq. 3 requires that the expected values of the
other terms in Eq. 10 be used. Each of these terms
will have errors that could impact the ¯lter:

1. The signal delay caused by ionosphere, ¢Imij , is
modeled within the ¯lter. The ionosphere model

used in the ¯lter is

¢Imij = Imj ¡ Imi (11)

Imi =
82:1£ TEC

F 2
c £

q
sin2Em

i + 0:076 + sinEm
i

(12)

where TEC is the Total Electron Count within
the ionosphere, Fc is the carrier frequency, and
Em
i is the elevation angle between the user vehi-

cle i and the NAVSTAR satellite m. The di®er-
ential ionospheric correction term is calculated
using this model, and subtracted from the single
di®erence measurements.

2. The absolute state of the master or reference ve-
hicle, r1, is determined independently of the rel-
ative navigation ¯lter. The focus of this work
was not to improve the absolute state estima-
tion process, and generally the absolute state er-
ror was on the order of 20 m. The relative state
solution is not very sensitive to absolute errors of
this order, and any error in the relative solution
due to this error is lost in other noises.

3. The position of the NAVSTAR satellites, rm,
and the NAVSTAR clock o®set, Bm, are de-
termined from the ephemerides that are broad-
cast by the NAVSTAR satellites themselves. The
NAVSTAR states predicted by the ephemeris will
be erroneous. As the separation between the
vehicles grows, the di®erential ephemeris error
will also grow. In this work, this di®erential
ephemeris error is neglected, and is a leading
contributor to the overall sensor noise, especially
as the separation between vehicles grows.

Special care must be taken in determining the
GPS satellite states. The range measured is the
range between the position of the user at the
time the signal is received and the position of
the GPS satellite at the time the signal is trans-
mitted. This transmission time is determined
iteratively.

As the separation between the vehicles grows,
the di®erence in time of transmission between
the user vehicles and the same GPS satellite will
also become more signi¯cant. Therefore, this
iterative process must be done for both users,
and both of these states are used in equation
10. Even though a simple ¯lter is sought, if the
user vehicles are far apart from each other, this
process must be used or else signi¯cant errors are
introduced in the relative state estimates.

4. The remaining noise, º¢Á, contains all other fac-
tors a®ecting the signal. These include multi-
path and noise within the receiver itself. E®ec-
tively, any errors in the other terms will also end
up in the sensor noise term.



Propagation Model
A very simple set of dynamics, which are based on Ke-
pler's di®erential central gravitation model, are used
in the ¯lter

¢Ärij =
¹

r3i

2
4ri ¡

r3i (ri + ¢rij)q¡
r2i + 2ri¢rij + ¢r2ij

¢3

3
5

+CECEF + w¢r (13)

where ¹ is the earth's gravitational constant, and

CECEF = 2!e £¢_rij + !e £ (!e £¢rij) (14)

is the correction for the rotating reference frame and
!e as the earth's rotation rate. All other forces, such
as di®erential drag and higher order gravity terms, are
lumped together into the process noise, w¢r.

Eq. 13 handles the position and velocity states. The
clock o®set and drift dynamics are modeled only as,

¢Äbij = w¢b (15)

The noise in the clock model is on the order of 0.05
m/s2, while the noise in the motion dynamics is on the
order of 10¡6 m/s2, for vehicles 100m apart.

Finally, the carrier phase bias states are considered as
constants, so they have no dynamic propagation over
time. Note that the unknown or unmodeled relative
dynamics errors are much smaller than the correspond-
ing absolute dynamics errors. Just as in the case of
the measurement model, this also makes it desirable
to estimate the relative state rather than the absolute
states.

Filter Initialization
Since this is a nonlinear system, it is especially sensi-
tive to the ¯lter initialization. The initial state esti-
mate is determined by taking the least-square solution
of the di®erential code phase measurements (¢½) and
di®erential Doppler measurement (¢ _Á). For close for-
mations (vehicles less than 1 km apart), this method
gives an initial estimate with an accuracy of 2{4 m.
However, for larger separations the error in the least
squares solution increases because the \common line-
of-sight assumption" breaks down. To compensate,
Park's algorithm [10] for correcting measurements is
implemented. Using this technique, separations of 100's
of kilometers can still be initially determined to within
a few meters for position and several centimeters per
second for velocity. The full initialization routine is
discussed in Ref. [9].

IDEAL PERFORMANCE

To demonstrate the ¯lter performance, actual proto-
type GPS receivers are used in hardware-in-the-loop

1 2 3 4

Truth

Fig. 1: Shows the GSFC FFTB setup, including:
1) DS10 Workstation, which sends orbital states to
2) STR4760 GPS signal generators, which sends ac-
tual RF signals, received by 3) GPS receivers, which
perform real-time absolute navigation and also collect
measurements that are saved on 4) data storage PC's.

simulations. Four receivers are used, simulating forma-
tions of four vehicles, which allows us to compare the
results of multiple simultaneous independent relative
solutions. The GPS receivers used for this work are
modi¯ed receivers based on the GP2015 and GP2021
chipset by Zarlink (formerly Mitel/Plessey) [11, 9].
The receiver exhibits a carrier phase measurement noise
of ¼ 5mm in ground tests, which should provide a con-
servative bound on orbital noise levels.

The NASA Goddard Space Flight Center has a state-
of-the-art Formation Flying Test-Bed. At its heart is
the Spirent STR Series Multichannel Satellite Navi-
gation Simulator [16]. Figure 1 shows a simple block
diagram of the experimental set-up.

A variety of scenarios have been run using this orbital
simulator. These di®erent formations are all based
on the same master orbit. The master orbit has an
altitude of »450km, eccentricity of 0.005, and 28:5±

inclination. The simulation used a tenth-order grav-
ity model and an atmospheric drag model (based on
Lear's atmospheric model). For the measurements, a
diverging ephemeris and clock model was used and a
standard orbital ionospheric model. The ionospheric
model is the same as appears in equation 12. There is
no multipath noise in the simulation, but this is not
expected to be a signi¯cant error source for microsatel-
lites. All vehicle models are identical, with a surface
area of 1m2, drag coe±cient of 2, and 0.1 metric tonne
(the smallest mass the simulator would model). The
antenna is at the center of gravity, and the vehicle
maintained a nadir earth-pointing attitude. A stan-
dard hemispherical antenna gain pattern was used.
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Fig. 2: Relative position performance (1 km elliptical
formation).
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Fig. 3: Relative velocity performance (1 km elliptical
formation).

For all experiments, data storage of the raw measure-
ments began after all four of the receivers achieved
navigation ¯xes. The receivers performed numerous
\warm" starts, where they were provided almanac in-
formation for the NAVSTAR constellation, a rough
current position guess (often wrong by several hun-
dred kilometers) and a rough current time guess (o®
by up to ¯fteen seconds). A navigation ¯x was usually
attained, and active tracking begun, in less than two
minutes after the simulation began.

Figures 2 and 3 show typical errors in relative posi-
tion and relative velocity, respectively. These are er-
rors for simulation of a vehicle in a 1£2 km elliptical
formation. The three plots show the errors in Ra-
dial (R), In-Track (I), and Cross-Track (C) directions.
The position scale is §10 cm, and the velocity scale
is §2 mm/s. From the position plot, it can be seen
that the carrier-phase biases are determined within 5
minutes of the start of the ¯ltering. After that, as new
measurements come on-line, the bias re-initialization is

Table 1: Relative State Estimation Results:
1km In-Plane Elliptic Formation

Rel. State Error Mean (¹) St. Dev.(¾)

R 0.251 0.454
Position (cm) I 1.061 0.660

C 0.159 0.285
R 0.032 0.156

Velocity (mm/s) I 0.001 0.275
C 0.017 0.107

seamless, and does not disturb the position estimate.
The velocity plot shows fairly \white" error, with a
very low mean. This is an encouraging sign that the
¯lter is performing very well, even with the unmodeled
drag and other biased noise sources. Table 1 summa-
rizes the performance for this formation case. The ac-
tual numbers are Root-Mean-Square combinations of
3 simultaneous relative navigation solutions (the three
di®erential solutions from the four-vehicle simulated
formation).

EFFECT OF UNCERTAINTY

The previous results demonstrate the ¯lter performance
assuming all the conditions are well known and cor-
rectly modeled. However, it is quite possible that these
conditions or models may not re°ect the actual perfor-
mance on-orbit. For example, the receiver may have
more or less noise on the signal reception. Or the dif-
ferential process noise may be much larger or smaller
than expected. Any of the terms contributing to the
phase measurement (as in Eq. 10), or any of the noise
sources lumped into the process noise w¢r could con-
tribute to the overall sensor or process noise.

Many of these noise sources can be treated as Expo-
nentially Correlated Random Variables (ECRV). Some
of these ECRV noises, such as the ionosphere, will have
relatively long time constants, even to the extent that
they appear to be constant biases. The noise sources
also include ECRVs with short time-correlation, to the
extent that they can be modeled as white noise. These
short-correlation sources are also important, and can
also in°uence the performance of the ¯lter. The co-
variance of the sensor noise is represented by R̂ in the
¯lter, and the covariance of the process noise is repre-
sented by Q̂.

A sensitivity analysis illustrates the importance of Q̂
and R̂. For a linear, time-invariant system, it is easy
to perform a parameter sensitivity analysis (see Gelb
[20]). A simple linear system was simulated. Then,
keeping all other conditions constant, the ¯lter was
implemented using a range of design R̂ values (and Q̂
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Fig. 6: Design R sensitivity, real data
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Fig. 7: Design Q sensitivity, real data

constant), and then implemented using a range of de-
sign Q̂ values (holding R̂ constant). Figures 4 show the
results for R̂, and 5 shows the results for Q̂. The verti-
cal axes in both ¯gures is the state error, the horizontal
axes are the design parameter values. The dashed ver-
tical line marks the real parameter value. As expected,
when the design value matches the real value, the er-
ror is minimized. These simple linear results match
closely with the theoretical expectation illustrated by
Gelb.

The same study can be performed for our actual appli-
cation as well. Actual data is stored from hardware-
in-the-loop tests. Using this same set of data and con-
ditions, only the R̂ and Q̂ design values are changed in
the ¯lter. The resulting relative velocity state estimate
error is then measured for each ¯lter. This provides
a measure of the sensitivity of the ¯lter to the design
parameter value.

For these sensitivity curves, the actual parameter value
can only be estimated by looking for the minimum er-
ror points. These sensitivity curves are also sensitive

to time-step size (¢t) and formation separation (¢r).
The R̂ sensitivity, for the conditions shown, is very
similar to the linear case. The Q̂ has much more pro-
nounced error on either side of the minimum point.
These sensitivity curves clearly illustrate the impor-
tance of using the correct value of R̂ and Q̂ in the
¯lter design; using the wrong value can be potentially
devastating to the ¯lter accuracy. Furthermore, the
minimum point on these curves will be di®erent for
di®erent conditions, some of which are unknown.

In simulation, the ¯lter can be tuned, and the best
value of Q̂ and R̂ can be determined. However, the
experienced engineer recognizes that reality often ex-
hibits di®erent behavior than simulation. The ideal
values of these parameters in simulation may not rep-
resent ideal values in real operation. This example has
shown that the performance is sensitive to these para-
meters, in real operation it may be more or less sen-
sitive over the range of parameter values. The robust
design must be prepared to handle this uncertainty.



ADAPTIVE ESTIMATION

To robustly handle uncertainty in the standard devi-
ation of the sensor and process noises, an adaptive
¯lter can be applied that identi¯es the value of R or
Q. There are many di®erent adaptive ¯lters in exis-
tence. The Method of Maximum Likelihood Estima-
tion (MMLE) is a technique applied to Kalman Filters.
Originally proposed by Mehra [12, 13], variations of
the technique have been used in many ¯lter applica-
tions. The routines presented in this work are modi¯ed
from algorithms summarized by Maybeck [14]. The
basic premise is to use the measurement and state
residuals to modify the parameter values for sensor
and process noise. A similar variant has also been em-
ployed by Campana for absolute GPS navigation [15].

Process Noise

The process noise covariance Q is a measure of the
uncertainty in the state dynamics during the time in-
terval between measurement updates. It is generally
de¯ned in terms of the process noise applied to the
system, i.e., wk » N (0; Qk).

Adaptive ¯ltering requires that the parameter of in-
terest be measured. Our observation of Q is obtained
from the di®erence between the state estimate before
and after the measurement update:

Q? = ¢xk¢x
T
k + P¡k ¡ P+

k ¡ Q̂¡k (16)

¢xk = x̂+
k ¡ x̂¡k (17)

where:

x̂+
k = µa posteriori state estimate
x̂¡k = µa priori state estimate
P+
k = µa posteriori state covariance estimate
P¡k = µa priori state covariance estimate

Q̂¡k = Current expected process noise covariance

Eq. 16 is the core of the adaptive routine, and is worth
some consideration. The term ¢xk is the state resid-
ual; it represents the di®erence between our state es-
timate before the measurement update and after the
measurement update. If this residual has a large value,
then it indicates that we are not predicting the future
state very well, because when the measurements are
applied, there is a large jump in the state estimate.
As the ¯lter converges, this residual should decrease,
as our ability to predict the next state should be im-
proving.

The ¯rst term of Eq. 16 is a measure of the state resid-
ual. The next part of the equation is a measure of
what one might expect this residual to be. These terms
could be considered the expected change in covariance.

It may be conceptually clearer by rewriting Eq. 16 as

Q? = ¢xk¢x
T
k ¡

h
P+
k ¡

³
P+
k ¡ Q̂¡k

´i

= ¢xk¢x
T
k ¡

£
P+
k ¡

¡
©k¡1P

+
k¡1©

T
k¡1

¢¤
(18)

where ©k¡1 is the state propagation matrix for the
time interval from k ¡ 1 to k. Eq. 18 shows that Q?

is the residual minus the change in the µa posteriori
covariances between two contiguous time-steps.

This measure of the process noise, Q?, is then com-
bined with the current estimate Q̂ in a moving average
(or low pass ¯lter),

Q̂+
k = Q̂¡k +

1

LQ

³
Q? ¡ Q̂¡k

´
(19)

where LQ is the window size that sets the number
of updates being averaged. If LQ is small, then each
update is weighted heavily, but if LQ is large, then
each update has a small e®ect. The performance of
the adaptive routine is very sensitive to the selection
of LQ, and should be selected for each application.

For the orbital relative navigation application using
GPS, this Q-adaptive scheme did not perform well
without additional measures. To improve performance,
the discrete formulation was then placed into continu-
ous form. Then this continuous Q̂ was integrated anew
through the state dynamics to create a new discrete Q.
In other words, if

Q̂k =

"
Qpos Qpv

Qvp Qvel

#
(20)

then

qc = diag (Qvel)
1

¢t
(21)

Qc =

"
0 0

0 diag (qc)

#
(22)

and this is re-discretized by

Q̂+
k =

Z
©kQc©

T
k d¿ (23)

This updated estimate of Q̂ is then used for the state
propagation between time-step k and k + 1. This
process helps by isolating the error due to process
noise, which shows up in velocity, from the bias mea-
surement errors, which show up in position. Without
this step, the estimate of Q̂ remains much too high
because of the position errors, and cannot resolve the
small disturbances.

Sensor Noise
The routine for adaptively identifying the sensor noise
is similar to that of process noise, but it is only a



function of the measurement update and is based on
the measurement residual. R is also de¯ned in terms
of the sensor noise,i.e., ºk » N (0; Rk).

To identify R, form a measure of the sensor noise

R? = ¢y¢yT ¡HkP
+
k H

T
k (24)

¢y = yk ¡ ŷ+
k (25)

where Hk is the observation matrix at time k. For
nonlinear systems, H is the Jabobian of the nonlinear
measurement function. ¢y is a measure of the covari-
ance of the measurement residual. yk is the actual
set of measurements taken this time-step. ŷ+

k is the µa
posteriori measurement expectation,

ŷ+
k = hk

¡
x̂+
k

¢
(26)

Note that ŷ+ uses the µa posteriori state estimate, so
this routine is run after the measurement update. This
requires ŷ to be computed a second time in the up-
date process. The second term in Eq. 24, HP+HT ,
removes the amount of expected measurement error
due to the state uncertainty. What is left is a measure
of the \unexpected" measurement error, which should
be attributable to sensor noise.

The R estimate is also updated with this sensor noise
measure through a moving average

R̂+
k = R̂¡k +

1

LR

³
R? ¡ R̂¡k

´
(27)

where, as before, the sensor noise window size, LR, is
very application speci¯c.

One of the characteristic issues of GPS estimation,
is that the measurements come and go continuously.
This means that the measurement vector changes di-
mension, and the placement of a given channel within
the vector will change. As such, care must be taken
to ensure that the R matrix matches the same chan-
nels throughout the process. When new measurements
come on-line, it is assumed that this channel will have
a noise level that is similar to the other channels.
Therefore, the newly introduced elements of the R̂ ma-
trix, rij are initialized as

rij;k =

½
1
N

PN
n=1 rnn;k¡1 : i = j

0 : i 6= j
(28)

Identify Noise
MATLAB simulations with known noise levels added
to the dynamics and measurements were performed to
demonstrate the e®ectiveness of the adaptive schemes
to identify the environment noises, even with an er-
roneous initial estimate of those noise. To demon-
strate the sensor noise adaptive capability, measure-
ments were created in MATLAB with white noise of
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Fig. 8: Ability to identify sensor noise. All channels
are able to identify the correct sensor noise level, even
with an initial guess that is 20 times too high.
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Fig. 9: Ability to identify process noise. The process
noise level in the three directions of motion, as well
as the clock noise which is orders of magnitude larger,
can be identi¯ed.

2 mm added to the carrier signal from each GPS satel-
lite. There was no ionospheric, ephemeris, or other
bias in the simulated signal. The absolute and rela-
tive ¯lters were the same other than the R-adaptation
algorithm. Figure 8 shows the ability of the adaptive
¯lter to identify the noise level on the carrier signal.
The solid line marks the mean estimate over all valid
channels, while the dashed line marks the noise esti-
mate on channel one. Even with an initial guess of
R̂ = (10cm)2, the ¯lter is able to correctly identify the
noise level.

The process noise can also be identi¯ed successfully.
Figure 9 shows in the upper plot the ability to identify
the level of process noise in the motion dynamics, and
the lower plot shows the ability to identify the clock



drift noise. Notice that the levels of the noises are or-
ders of magnitude apart, and yet they can still be accu-
rately identi¯ed. For this demonstration, only white
process noise was added to the simulated Keplerian
motion, so there is no di®erential drag or other biased
noise included. This was done so that the process noise
level was a known value. The algorithm also works in
the presence of more realistic disturbances.

Application Notes
Some important notes about the use of the algorithms:

1. These two routines, the Q-adaptation and R-
adaptation, do not run simultaneously. If both
R and Q are unknown, a serial approach of run-
ning the routines one after another could be im-
plemented. Further research is being done in this
area.

2. The routines are functions of steps, not time.
So if there is a longer time interval between up-
dates, they will take more time to identify the
parameters.

3. It may be desirable to change window sizes dur-
ing the ¯ltering process. Currently, we begin
with a short window (approximately 10 steps),
and then after a few hundred steps, switch to a
longer window size.

4. The routines were always able to identify the pa-
rameter if the initial guess was larger than the
parameter value, but they did not always con-
verge for initial guesses below the actual values.

5. These routines are designed to identify changes
in the standard deviations of the white noise
rather than biases or time constants in a ECRV
noise model. Further work will investigate other
adaptive algorithms that can identify these pa-
rameters.

Active Thrusting
Formation °ying involves active control of the vehicles
within the formation. A special case of adapting the
Q parameter occurs during active control because the
uncertainty associated with the propulsion devices on
spacecraft will be far greater than the natural di®er-
ential disturbances. The ¯lter must account for this
new acceleration noise when thrusters are turned on.

It is assumed that any intended control input (a thruster
¯ring) can be input to the ¯lter. The ¯lter handles the
thrusting as follows:

Ä̂xk = f (x̂k) + ¢ûk (29)

where ¢ûk is the expected di®erential control input
(acceleration due to thrusters) at time-step k. The

nonlinear propagation function f(¢) is de¯ned in equa-
tion 13.

To account for the greater uncertainty associated with
the thrusters, the covariance is also updated, so that
Eq. 21 can be augmented in the following way:

qc ! qc + qu (30)

and qu = (Ku ¢ abs (¢ûk)) (31)

where qu is the thruster uncertainty adjustment. For
this work, the constant Ku was set at 10%, which rep-
resents the uncertainty in the thruster noise.

ADAPTIVE PERFORMANCE

This section presents three simulations that clearly
demonstrate the advantages of using an adaptive ¯lter
for this application. The ¯rst demonstration compares
the adaptive ¯lter performance with the performance
of the ¯lter using a reasonable, but wrong, parameter
setting. The second compares the covariance behavior
using the adaptive ¯lter and using a good, but ¯xed,
parameter setting. Finally, the third is an example of
the active thrusting adaptation working successfully.

Wrong Parameter Correction
Consider the 1km formation case presented previously
in the \Ideal Performance" section. That example
used the process noise setting of Q̂ = 10¡4, and the re-
sults were presented in Figures 2 and 3. However, now
consider the performance if we had instead used a rea-
sonable, but incorrect, process noise estimate of Q̂ =
10¡6 in the ¯lter. This one parameter was changed
in the ¯lter (all other conditions were the same) and
it was applied to the same saved data to obtain the
result in Figure 10 (same scales). Comparing ¯gures 2
and 10, it is clear that the solution diverges and the
¯lter does not perform well.

The adaptive ¯lter was used with the same data sets
and conditions. The initial estimate of the process
noise is Q̂0 = 1m/s2. Figure 11 displays the result-
ing relative position error and it is clear that the per-
formance is much better. In fact, the performance is
close to that of the ideal ¯lter performance shown in
Figure 2. The adaptive ¯lter works well in correcting
for an inaccurate estimate of the noise covariances.

Covariance Comparison
Another bene¯t of the adaptive ¯lter is that it keeps
the covariance consistent with the real performance.
Consider an example with a longer time-step and a
larger separation between vehicles, both of which tend
to increase the di®erential process noise. This increased
noise impacts the relative velocity estimation perfor-
mance. Figure 12 shows the velocity performance from
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Fig. 10: Relative position error, with an incorrect Q̂
value, with no adaptation
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Fig. 11: Relative position error, using Q{adaptation.
Now the performance is greatly improved, and is about
the same as using the ideal Q̂ value.

a poor case, with no adaptive ¯ltering and a design
Q̂ = 10¡4m/s2. Note that the velocity error drifts
signi¯cantly outside of the covariance bounds. Fig-
ure 13 shows the same data with the Q-adaptation
¯lter. The results in this case clearly shows that the
covariance bounds (marked by the dashed lines) are
adapted (e.g., in-track between 1200{1800 secs) to re-
°ect the larger error. This has the e®ect of slightly in-
creasing the standard deviation of the error, but tends
to reduce the mean error. It also provides con¯dence
that we will not end up with a \smug" ¯lter that allows
the estimate diverge. Divergence can occur when the
expected Q̂ is much lower than R̂, and the covariance
decreases to the point that the new measurement up-
dates are ignored. The covariance behavior illustrated
in ¯gure 13 is very desirable, and suggests improved
¯lter robustness in the face of uncertain noise condi-
tions.
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Fig. 12: Relative velocity error, without adaptation,
for long separation and long time interval. Notice the
error is well outside the covariance bounds (marked by
the dashed lines).

500 1000 1500 2000 2500 3000

-2

0

2

x 10
-3 Relative Velocity Error (LVLH)

R
ad

ia
l (

m
/s

)

500 1000 1500 2000 2500 3000

-2

0

2

x 10
-3

In
-T

ra
ck

 (
m

/s
)

500 1000 1500 2000 2500 3000

-2

0

2

x 10
-3

C
ro

ss
-T

ra
ck

 (
m

/s
)

Time(sec)

Fig. 13: Relative velocity error for the same case
as 12, with Q{adaptation. Now the covariance bounds
better re°ect the error experienced (and also mitigates
the error bias).

Thrust Demonstration

It is also important to demonstrate e®ective estima-
tion during active thrusting. Sample control inputs
were performed during the simulation using a script
of previously generated control commands. An ex-
periment was performed using a 3-vehicle formation,
where the formation was changed from an in-track for-
mation to an in-plane elliptical formation (an In-track
formation has the vehicles moving in the same orbit
one after the other). The commands are fed forward
to the Kalman ¯lter. However, to demonstrate robust-
ness, the value fed to the ¯lter was changed by 10%
to simulate uncertainty in the actual thruster behav-
ior. There is a 10 second thruster ¯ring of 0.1 m/s2

in the radial direction. Figure 14 shows the velocity
error for the two relative states during the experiment.
Both follower vehicles ¯re their thrusters at the same
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Fig. 14: Velocity Error during a commanded maneu-
ver. Even with large error in commanded thrust level,
the velocity estimate returns immediately after ¯ring
to previous error levels.

time (in opposite radial directions). During the actual
thruster ¯ring, the velocity estimate jumps, which is
partly due to the 10% simulated error, and also be-
cause of the increase in the Q matrix during active
control. The main point of these results is that the
estimate returns almost immediately to the previous
accuracy level directly after the thruster ¯ring. The
position estimate maintains accuracy throughout the
thruster ¯ring.

CONCLUSIONS

This paper has focused on demonstrating that a sim-
ple, yet robust, extended Kalman ¯lter is su±cient to
achieve centimeter-level accuracy for formation esti-
mation. Adaptive ¯ltering techniques, based on MMLE
algorithms, have been developed to enhance this de-
centralized ¯lter. The adaptation is designed to aug-
ment (rather than replace) the process of modeling the
disturbance environment, but it provides an additional
level of robustness in the face of uncertainty. The ex-
perimental results in this paper demonstrate that the
MMLE algorithms are very e®ective for identifying the
standard deviation of the noises present.

This simple, adaptive EKF has been demonstrated us-
ing hardware-in-the-loop simulations at Goddard Space
Flight Center. These simulations demonstrate less than
2 cm relative position error and less than 0.3 mm/s
relative velocity error for formation separations of 1-
2 km. Measurement and process noises are a function
of separation between vehicles, and for longer separa-
tions (on the order of 10-20 km), the resulting position
error levels are higher (on the order 5 cm), while ve-
locity is not a®ected as strongly.
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